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Abstract. Let {M,g{t)), < t < T, dM / be a compact n-dimensional manifold, n > 2, 
with metric g{t) evolving by the Ricci flow such that the second fundamental form of DM 
with respect to the unit outward normal of DM is uniformly bounded below on dM x [0,T]. 
We will prove a global Li-Yau gradient estimate for the solution of the generalized conjugate 
heat equation on M x [0, T]. We will give another proof of Perelman's Li-Yau-Hamilton type 
inequality for the fundamental solution of the conjugate heat equation on closed manifolds 
without using the properties of the reduced distance. We will also prove various gradient 
estimates for the Dirichlet fundamental solution of the conjugate heat equation. 



In [P] Perelman stated a differential Li-Yau-Hamilton type inequality for the funda- 
mental solution of the conjugate heat equation on closed manifolds evolving by the Ricci 
flow. More precisely let M be a closed manifold with metric g{t), < t < T, evolving by 
the Ricci flow, 

d 

-g,j = -2R,j (0.1) 
n = (0.2) 



in M X (0, T). Let p G M and 



be the fundamental solution of the conjugate heat equation 

-f Aw - i^M = (0.3) 
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in M X (0, T) where r = T — t and R = R{-, t) is the scalar curvature of M with respect 
to the metric g{t) with 

lim u = (0.4) 
in the distribution sense where 5p is the delta mass at p. Let 

V = [t(2A/ - I V/|2 + R)+f-n]u (0.5) 

where t = T -t. Then 

v{x,t)<{) inMx(0,T). (0.6) 

This result was used by Perelman to give a proof of the pseudolocality theorem in section 
10 of [P] which more or less said that almost Euclidean regions of large curvature in closed 
manifold with metric evolving by Ricci flow remain localized. Perelman gave a sketch of 
the proof of (0.6) in [P] and a detailed proof of it using properties of reduced distance 
was later given by L. Nei [N3]. This result was generalized by L. Nei [Nl], [N2], to the 
case of the linear heat equation and by A. Chau, L.F. Tam, and C. Yu [CTY] to complete 
manifold with uniformly bounded curvatures. 

Let {M,g{t)), < t < T, dM cp, he a compact n-dimensional manifold, n > 2, 
with metric g{t) evolving by the Ricci flow such that the second fundamental form II of 
dM with respect to the unit outward normal d/du of dM is uniformly bounded below 
on dM X [0,T]. In this paper we will use a variation of the method of P. Li, S.T. Yau, 
[LY] and J. Wang [W] to prove a global Li- Yau gradient estimate for the solution of the 
generalized conjugate heat equation on such manifold with Neumann boundary condition. 

We obtain a similar type of global gradient estimate for the solution of the generalized 
conjugate heat equation on closed manifold with metric evolving by the Ricci flow. As a 
consequence we obtain another proof of Perelman's Li-Yau-Hamilton type inequality for 
the fundamental solution of the conjugate heat equation on closed manifolds without using 
the properties of the reduced distance. 

We will also prove various gradient estimates for the Dirichlet fundamental solution of 
the conjugate heat equation. Note that localized Li- Yau estimate for the conjugate heat 
equation on compact manifolds with metric evolving by the Ricci flow was also proved by 
S. Kuang and Q.S. Zhang in [KZ]. We refer the readers to the paper [H] by R.S. Hamilton 
for the recent results on Ricci flow and the book [CLN] by B. Chow, P. Lu and L. Ni for 
the basics of Ricci flow. 

The plan of the paper is as follows. In section 1 we will prove a global Li- Yau gradient 
estimate for the solution of the generalized conjugate heat equation on compact manifolds 
with boundary and on closed manifolds. In section 2 we will give another proof of Perel- 
man's Li-Yau-Hamilton type inequality on closed manifolds without using the properties 
of reduced distance. In section 3 we will generalize a result of Q.S. Zhang [Z] to local gra- 
dient estimates for the solutions of generalized conjugate heat equation. In section 4 we 
will prove the gradient estimates for the Dirichlet fundamental solution of the conjugate 
heat equation. 

We start with some deflnitions. Let V* and A* be the covariant derivative and Laplacian 
with respect to the metric g{t). When there is no ambiguity, we will drop the superscript 
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and write V, A, for V*, A*, respectively. For any r > 0, xq E M, < ti < to < T, let 
Brixo) be the geodesic ball with center xq and radius r with respect to the metric g{Q) 
and Qr,tA^o^to) = -Br(a^o) x [^o ~ ^i^^o]- Let dVt be the volume element with respect to 
the metric g{t) and let V^{r) — Vo\g{t-^{Br{x)), = ^('')- For any xi,X2 G M, let 

r{xi,X2) be the distance between x\ and X2 with respect to the metric g{Q). 

We also recall a definition of R. Chen [C]. For any a; e M let r{x) be the distance 
of X from dM with respect to (/(O). We say that dM satisfies the interior rolling i?-ball 
condition if for for any p G dM, there exists a geodesic ball Bji/2{q) C M with center at 
q & M and radius R/2 respect to the metric g{0) such that {p} = Bji/2{q) fl dM. 

Section 1 

In this section unless stated otherwise, we will let (M, g{t)), < t < T, dM 7^ 0, be a 
compact n-dimensional manifold, n > 2, with metric g{t) satisfying 

d 

g-^gij=2hij onMx[0,T] (1.1) 

where hij{x,t) is a smooth family of symmetric tensors on M. We will assume that the 
second fundamental form II of dM with respect to the unit outward normal d/du of dM 
and metric g{t) is uniformly bounded below by —H for all < t < T and 

\Rm\<ko onMx[0,T] (1.2) 

for some constants H > and ko > 0. Let u be a positive solution of 

Ut = A^u -qu in M X [0, T] 

du (1-3) 
^=0 onaMx(0,T) 
dv 

where q{x,t) is a smooth function of M x [0,T]. 

In this section we will prove a global Li-Yau gradient estimate for the solution of (1.3) 
on M X (0,T). We start with an algebraic lemma. 

Lemma 1.1. Let A, S G M, A > 0, 6e constants satisfying B < A/a for some constant 
a > 1. For any < p < 1, let I{p) = {A — B)^ — pA? . Then there exists a constant 
p G (0, 1) such that 

I{p)>\{A-aBf. (1.4) 

Proof. We divide the proof into two cases. 
Case 1 : S > 0. 

Then B'^ < A? ja^. By direct computation for any < cr < 1, 

/(p) =(A - aBf + 2(a - \)B{A - aB) + {a - ifB^ - pA^ 
= {1 - (j){A - aBf + J 
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where 

J ={(j- p)A^ + 2{-(ja + a - l)AB + (aV + 1 - 0^)3"^. 
Set cr = (a - l)/a. Then 

J ={(7 - p)A^ - {a - l)B'^ 



a — 1 a — 1 



a o? 
q; — 1 



2 



pU 



2 



a 

>0 VO < p < (a - l)Va^- 

Hence 

ma - \fl2a^) > (1 - - aBf = -(A - aBf. 

a 

Case 2 : S < 0. 

Let p= {a- Ifjo?. Then 

/(p) = \\{A-oiB)^{oi-\)Af-pA^ = l^{A-aBf+2^^^^^A{A-aB) > l-{A-aBf. 
By case 1 and case 2 the lemma follows. 

Theorem 1.2. There exists a constant Rq > such that if dM satisfies the interior 
rolling R-ball condition for some < R < Rq, then for any a>l + H,0<S<l, there 
exists a constant Ci > depending on ko, H , a, 5 and the space-time uniform hound of 
\hij\, |V*/iy|, \q\, \V^q\, \^^q\, such that 

^^-a— <Ci + 7 ' \ inMx(0,T]. 1.5) 

u- (l-5)2(a-(l + Jf))2 2t ^' ^ ^ ^ 

Proof. We will use a modification of the argument of [CTY], [LY], and [W] to prove the 
theorem. Suppose dM satisfies the interior rolling i?-ball condition for some < R < Rq 
where i?o > is some constant to be determined later. By [C] there exists a C^-function 
ip : [0, oo) [0, H] such that •0(0) = 0, ?/^(r) = H for all r > 1, which satisfy < ^''(r) < 
2H for aU r > 0, ^''(O) = H, and (/)"(r) > -H for aU r > 0. Let 



(f){x) = 1 + 11; 
and / = logw. By [LY] and [CTY], / satisfies 



r{x) 



Af-ft = q-\Vf\^ inMx(0,T) 
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(1.6) 



and 

r {Af)t =Aft - 2KjU, - 2Kk;rfk + y{9''Kj) ■ V/ 
\{\VfW =2V/t • V/ - 2/.(V/, V/) 
where h{Wf,Wf) = hijfifj. Let 

F{x, t) = t[0(x)(|V/|2 + 1) - aft - aq]. 

Then in normal coordinates 

t-^AF =4> ■ A(| V/|2 + 1) + 2V(t> ■ V|V/|2 + A4> ■ (|V/|2 + 1) - aAft - aAq 

=20(5^ /2. + + 2V0 • V| V/p + • (I V/|2 + 1) - a{Af)t - 2ahijf, 

- 2ahik-ifk + aV{g'^hij) ■ V/ - aAq 



=2 



+ 20V/ • V(A/) + 20i?y /i/,- + 2V0 • V| V/p 



1 1] 

+ • (I V/p + 1) - a(A/)i - 2aKu-^h + «V(^*^/ii,) • V/ - aAq. 

(1.7) 

By (1.6), 

-«(A/), + 20V/-V(A/) 

= -a{q-rU- \^ fW + 20V/ • V(g + /t - | V/|^) 

=a(-((/>/a)(|V/|2 + 1) + (F/(at)) + |V/P), + 20V/ ■ V(q + /t - |V/|2) 
=y - ^ + 2«V/ • V/t + 20V/ • V(g - | V/l^) + 2(0 - a)K^jijj 



= y - ^ + 2aV/ . V(^^(|V/|^ + i) _ _ _ + 20V/ • V(g - |V/|^) + 2(0 - a)/iy/i/,- 

=y - ^ - ^V/ • VF + 2(0 - a) V/ • Vg - 20V/ ■ V| V/p + 2V/ ■ V(0(| V/p + 1)) 
+ 2(0 - a)hijfifj 



Ft F 2 



- 72 - 7 W • VF + 2(0 - a) V/ • Vg + 2(| V/|^ + 1)V/ • V0 + 2(0 - a)%/J, 



t t 



r 



(1.8) 

Hence by (1.7) and (1.8), 
t-\AF - Ft + 2Vf -VF) 



=2 



+ 2(0 - a)Vf ■ Vg + 20i?y /J,- + 2(0 - a)Kjhfj - ^ 



■ i,3 

+ 2(1 V/|2 + 1)V/ • V0 + A0 • (I V/|2 + 1) - 2ahik;ifk + aWig'^h^j) ■ V/ - aAg. 

(1.9) 



By (1.9) and Young's inequality, for any < 5 < 1 there exist constants Ci > 0, C2 > 0, 
C3 > 0, C4 > 0, such that 



t-^{AF - Ft + 2Vf -VF) 
>2{4> -6)J2 - Ci(|V/| + I V/r + |V/|3) - C2 + • (|V/|2 + 1) - ^ 



>2(<^ -6)J2 fi - C3I V/|3 - C4 + A<^ • (I V/|2 + 1) - ^ 
>^^^^{Nf - C3|V/|^ - C4 + A0 . (|V/|2 + 1) - 5- (1-10) 



n 

Let -Ri > be the maximum number satisfying 

/^tan(i?iV^) - y + 2 
tan(iti-\/A;o) < -• 



and let i?o ^ Ri- Then by the index comparison theorem (P.347 of [Wa]) and an argument 
similar to that of [C] there exists a constant ci > such that 

V°V5r(a;) > -cigij{x,0) e M,r{x) < R^. (1.11) 

By (1.1) there exist constants C2 > 0, C3 > 0, such that 

f C2gij{x, 0) < gij{x, t) < csQijix, 0) Wx e M,0 <t <T 



\ C2g'^ {x, 0) < g'^ {x,t)< c^g'^ (x, 0) Vx e M, < t < T. 



(1.12) 



By (1.11), (1-12), and an argument similar to the proof of Lemma 1.3 of [Hsl] there exists 
a constant C4 > such that 

AV(x)>-C4 ^x e M,r{x) < Ri,Q <t <T 

AV=V'"^^^$^ + V''^^>-C3^-C4^ Va;eM,0<t<T,r(x)<i?i. 

Jri Jri Jri Jri ^-^ -j^g^ 

Since A*0 = for any r{x) > Ri and < t < T, by (1.13) there exists a constant C5 > 
such that 

AV > -C5 Vx e M, < t < T. (1.14) 

By (1.10) and (1.14), 

t-\AF -Ft + 2V/ • VF) >^ii^(A/)2 _ CajV/l^ - C4 - C5IV/I' - J 

>^^^(A/)^ - CelVff -Cr-^. (1.15) 
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for some constants C5 > 0, Cg > 0, C7 > 0. 

Since M x [0,T] is compact, there exists (a:o,to) G -M" x [0,T] such that F(xo,to) = 
max7v^x[o,T] F- If to = 0, -F < on M x [0,T]. Then (1.5) holds and we are done. Hence 
we may assume without loss of generality that to > 0. Suppose first xq G dM. Since 
/i/ = Ui,/u = on dM X (0, T), we have 

1 

<-^{xo,to) = (|V/|^ + + 20/ - - aq, 
= (| V/p + 1)0, - 2//(V/, V/) - aq, 
<-f (|V/p + l) + 2iy|V/p + «ao 

<iy I V/|2(2 - (l/i?o)) + aao - (i^/i?o) (1-16) 

where ao = maxjvfx[o,T] iV^qfl. Let 

i?o = min(l/2, if/(l + aao)). 

Then the right hand side of (1.16) is strictly less than 0. Hence contradiction arises. Thus 
Xq e M\dM. Then VF{xo,to) = 0, AF{xo,to) < and Ft{xo,to) > 0. Hence at {xo,to), 

AF-Ft + 2V/ • VF < 0. (1.17) 

By (1.6), (1.15), and (1.17), at (xo.to), 

^^^(|V/P - /, - qf - Ce\Vff -Cr-^<0. (1.18) 

By an argument similar to that of P.382 of [W], 

(|V/P -ft- qf > (1 - 5){\Vf\^ + l-f,-qf-l^. (1.19) 

If FixQ^to) < 0, then maxMx[o,T] F < 0. Then (1.5) holds and we are done. Hence we 
may assume without loss of generality that F{xo,to) > 0. Then 

/t + g<-(|v/p + i) (1.20) 

a 

at {xq, to). Let 

a-{l + H) 

Oi - 



{a-l){l + H) 

Then 



l±M^ = ^. (1.21) 
a 1 + H ^ ' 
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Hence by (1.20) and (1.21), 

(|V/|2 + 1 - /t - qf - 8l{cl> ■ (|V/|^ + !)-/*- qf 
=(|V/|2 + 1 - /, - Q + 5M ■ (|V/|' + 1) - /t - q)) 

■ (|V/P + 1 - A - Q - 5i(</> ■ (|V/P + 1) - /, - q)) 
=((1 + 5i</>)(|V/|2 + 1) - (1 + 5,)Ut + ?))((! - 5i<^)(|V/p + 1) - (1 - 5,)Ut + g)) 
>((1 + (5i<^) - (1 + 5i)(</>/a))((l - 5i</>) - (1 - 5i)(<^/a))(| V/|2 + 1)2 

\ a J a J \ a 
>(1-^1(1- 



aj\ 1 + H 



1 + 

>0. (1.22) 

By (1.18), (1.19) and (1.22), for any < p < 1 there exists a constant Cg = C8(p) > 
such that 



Let A = (f) ■ (I V/|2 + 1) and B = ft + q. By Lemma 1.1 there exists a constant < p < 1 
such that (1.4) holds. By (1.4) and (1.23), 



-F^-F- Cst^ < 



4(1 - 5)2(a - (1 + H)Y J - V4(l - 8Y{a - (1 + if)) 
^ p. , ^^ n^2(a- 1)2(1 + g)2 irf^ n«2(,,- 1)2(1 + ff)2 
^ ^(^0, to) < _ 5)2(^ - (1 + Jf))2 + ^ 2(1 - 5na - (1 + iy))2 + ^''^ 

By replacing T by t in (1.24) for any t e (0, T] the theorem follows. 

Corollary 1.3. Suppose dM is convex with respect to g{t) for all < t < T . Then for 

any < £ < 1 there exists a constant Ci > depending on ko, e, and the space-time 
uniform bound of \hij\, \V^hij\, \q\, |V*g|, |A*g|, such that 

_ (1 < c. ^ (' + - + + . n .^^ 

u 1 — 2t 
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Proof. (1.25) follows from (1.5) by setting a = 1 + s + e'^ and 5 = H = e^. 

By an argument similar to the proof of Corollary 4.2 of [CTY] but with Theorem 1.2 
replacing Lemma 4.1 of [CTY] in the proof there we get the following corollary. 

Corollary 1.4. Let Rq > be given by Theorem 1.2. Suppose dM satisfies the interior 
rolling R-hall condition for some < R < Rq. Then for any a > 1 + H , < S < 1, there 
exist constants C2 > 0, C3 > 0, depending on ko, H, a, S and the space-time uniform 
bound of \hij\, |V*/iij|, \q\, |V*q|, |A*g|, such that 

u{x^, t,) < u{x2, t2) (^1) ' exp (c2a^-^^ + ^3(^2 - ti)) (1-26) 
for any xi,X2 £ M, < ti < t2 < T, where 

By an argument similar to the proof of Theorem 1.2 we have the following theorem. 

Theorem 1.5. Suppose {M,g{t)), < t < T, is a closed manifold with metric git) 
satisfying (1.1) and (1.2) for some smooth symmetric tensors hij{x,t) on M x [0, T] and 
constant ko > 0. Let u be the solution of 

ut = A*u -qu inM X [0, T] 

for some smooth function q{x, t) on M x [0, T]. Then for any a > 1 there exist constants 
Ci > 0, C2 > 0, C3 > 0, depending on ko, a, and the space-time uniform bound of \hij\, 
\V^hij\, \q\, |V*g|, |A*g|, such that (1.5) and (1.26) holds with 6 ^ H = 0. 



Section 2 

In this section we will give another proof of Perelman's Li-Yau-Hamilton type inequality 
for the fundamental solution of the conjugate heat equation on closed manifolds without 
using the properties of the reduced distance. Let (M, g{t)), < t < T, be a closed manifold 
with metric g{t) evolving by the Ricci flow (0.1). Let Z{x,t;y, s), 0<s<t<T,he the 
heat kernel of M. Then Vy e M, < s < T, Z{-, •; y, s) satisfies 

(Zt = AlZ in Mx(s,T) 

I hm / Z{z, t, y, s)fi{z) dVt{z) = f]{y) Vry G C°^{M) 

and for any x e M, < t < T, Z{x, t; •, •) satisfies 

{- Zs- /\yZ + i?Z = in M X (0, t) 
lim/ Z{x,t,y,s)r^{y)dVt{y) = r^{x) ^r^eC^iM). 



By an argument similar to the proof of Corollary 5.2 of [CTY] we have the following result. 
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Lemma 2.1. There exist constants C > and D > such that 

Z{x,t;y,s)< ^ exp (-Q^2y}\ ^x.y E M,0 < s < t < T 

Z{x,t;y,s)< ^ exv [-Qr^ ^x,y E < s < t <T. 

Vy{yjt-S) V D{t-S)j 

Let p e M and u{x,t) = Z{p,T,x,t). Then u satisfies (0.3) and (0.4) in M x (0,T). 
As in [P] we let /, v, be given by (0.2) and (0.5) with t = T -t. Let < /iq £ C°°{M), 
< to <T, and let /i > be the solution of the heat equation 

ht =Ah in M X {to, T] 
h{x,to) —ho{x) in M. 

We next recall a result of Perelman [P] . 
Lemma 2.2. ([F]) 

/ vhdVt^ < / vhdVt^ Vto <ti<t2<T. 



Lemma 2.3. 



where t = T — t. 



limsup / Thu{2Af - |V/|^ + R) dVt < -h{p, T) 



(2.1) 



Proof. We will use a modification of the technique of [CTY] to prove the lemma. By direct 
computation, 



limsup / Thu{2Af - \ V f]"^ + R) dVt 
t^T Jm 



= hm sup / rh ( -2Au + + Ru ] dVt 

t^T Jm \ u 



= — 2 lim T / uAh dVt + lim sup r / h dVt + 



Note that 



M 



T / RhudVt 
m 



I 

Jm 



t^T Jm u 



lim T / 

Jm 



Rhu dVt. 



loo ||"'||oo 



< t\\R 

Since by the Schauder estimates [LSU] , 

sup ||A/i(-,s)||i,oc(M) < oo, 
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ast^T. 



I^<s<T 



r 



uAhdVt 



M 



<T sup ||A/i(-, s)||2:cx=(M) ^ ast^T. 



I^<s<T 



Hence 



limsup / Thu{2Af - \V + R) dVt ^ limsup / rh 



dVt. 



u 



By Theorem 1.5 for any a> 1 there exists a constant Ci > such that 



I — J- _ < Ci + -— in M X 0, T 



where T = T-t. Then 



/ 



T / /i 



IV«| 



M 



ctttT- + ClU H ) dVt 

2t 



hu dVf 



Since 



and 



■ / [a{uAh - Ru) + Cihu] dVt 



<Ct^O as t ^ 



hm / hudVt — h{j),T), 
^^'^ JM 

letting t ^ T in (2.3) we get 

hmsupr / h}- ^-dVt< /i(p,r) Va > 1 

=^ hmsupr / h dVt < —h(p,T) as a — > 1. 

t^T Jm 2 

By (2.2) and (2.5) we get (2.1) and the lemma follows. 



(2.2) 



<r[ h( 

Jm V 

=T / [ah{Au - Ru) + Cihu] dVt + 
Jm 

=T f [a{uAh- Ru) + Cihu]dVt + ^ f hudVf (2.3) 
Jm 2 Jm 



(2.4) 



(2.5) 



By the same argument as the proof of Lemma 7.6 of [CTY] but with Lemma 2.1 
replacing Corollary 5.2 of [CTY] in the proof there we get 



Lemma 2.4. 



limsup / fhudVt < 7:h{p,T). 
t^T Jm 2 



By (2.4), Lemma 2.3, and Lemma 2.4 we get 
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Lemma 2.5. 



limsup / vhdVt < 0. 

t^T Jm 



Theorem 2.6. (Corollary 9.3 of \P]) (0.6) holds in M x (0,T). 
Proof. By Lemma 2.2 and Lemma 2.5, 

v{x, to)ho{x) dVtoix) < VO < /io e C°°(M), < to < T 



/ 



'M 

and the theorem foUows. 

Section 3 

In this section we will generalize a result of Q.S. Zhang [Z] to local gradient estimates 
for the solution of the generalized conjugate heat equation on compact manifolds. 

Theorem 3.1. Let {M,g{t)), < t < T, be a n-dimensional compact manifold, n > 2, 
with metric g{t) satisfying (1.1) and (1.2) for some smooth family of symmetric tensors 
hij{x,t) on M and constant ko > 0. Let u be a positive solution of 

ut = A*u -qu in M X [0, T] 

where q{x, t) is a smooth function on M x [0, T] . Let xq & M and to G (0, T] . Then there 
exists a constant Ci > depending on ko and the space-time uniform bound of \hij\, \q\ 
and |V*g| in QR,Ti{xo,to) such that 

\Vu\ ^ ^ fl 1 ,\ A n 

< Ci - + -= + 1 1 + log 



u ~ \R V^i /V 
holds in Qr/2,t,/2{xo, to) for any Qr,Ti Qr,Ti {xo, to) C M \ dM , Q < R<1, Q <Ti< 
to, whenever u < A in Qr,Ti{xo, to) for some constant ^ > 0. 

Proof. We will use a modification of the proof of Theorem 3.1 of [Z] and Theorem 1.1 of 
[SZ] to prove the theorem. Suppose Qr,Ti C M \ dM, < i? < 1, and < Ti < to. Since 
(3.1) is invariant by rcscaling u to u/A, we may assume without loss of generality that 
< It < 1 in QR,Ti{xojto)- As in [Z] let / = logu and 

IV/I' 

Since / satisfies (1.6), by a direct computation we have in normal coordinates. 



(l-/)2 (l-/)3 (l-/)2 

V/-V(A/+|V/p-g) , |V/|2(A/+|V/|2-g) h,,fj, 



+ 2 ' ^ / ' ' ^ - 2- 



(1-/)^ (1-/)^ (1-/) 



(3.1) 



^^"^ (1-/)^+ (1-/)^ (3.2) 
Aw + 2^i^ + 8Mjl_ + + 6 (3.3) 
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By (3.1), (3.2), and (3.3), 

Aw — Wt 



^ g Ujhj ^ Mfw-fni) _ g V/-V(|V/P-g) ^ ^h,,fj, 



{l-fr i^-fr (1-/)' (1-/)' (1-/)^ 

g |v/P(|v/P-g) I g |v/|^ 



(l-/)3 (l-/)4 

^ g ^ 2:^MZl _ 2V/-V(|V/P-g) ^ 2>^^-^^^^- 



(1-/)^ (1-/)^ (1-/)^ (1-/)^ (1-/)^ 

jV/P(|V/P-9) I g |V/|^ 



(l-/)3 (l-/)4 



(l-/)2 (l-/)3 (l-/)4 (l_/)2 (1_J)3 (1_J)2 

(1-/)^ (l_/)3+ (i_y)2 

_ 2 / , /^/,■ V , . /J./.. , , |V/|" |V/r 
(1-/)^^' 1-/; (1-/)^ (1-/)^ (1-/)^ (1-/)^ 

(1-/)^ (1-/)^ (1-/)^ (I-/)'' 

Hence 

Atu — Wt 

y^A fifjfij I A l^/l^ _ ^fifjfij _ g l^/l^ , g hjjfjfj Rjjfifj 

-(l-/)3^ (l-/)4 (l-/)2 (l-/)3+ (1-/)^ (1-/)^ 



2 



+ ^l-/)3+ (1-/) 

' V/ ■ - 2- - V/ ■ 



(i-/)V^ (i-/)V V (1-/) 

g |V/|" , g /^.././, , g %M , g |V/P9 , 2V/-VQ 

(l-/)3+ (l-/)2^ (1-/)^ (1-/)3^(1-/) 



2 



|V/|^ 2/ I g h^jf^fo I g -^^-^/-/^- I g l^pQ , 2V/ ■ Vg 

(1-/)^ 1-/ (1-/)^ (1-/)^ (1-/)' (I-/)'' (3.4) 

Since / < 0, by (3.4) there exist constants Ci > and C2 > depending on ko and the 
space-time uniform bound of \hij\, |g| and |V*g| in QR,Ti{xo,to) such that 

Aw-wt> ,^Vf-Vw + 2(1- f)w^-Ciw-C2 inQfl,,Ti. (3.5) 
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We choose a smooth nonnegative function (/>:M— >^M, 0<(/><l, such that 0(r) = 1 for 
all r < 1/2, <p{r) = for all r > 1, and (j)'{r) < for all r G M. For any a; e M, < t < T, 
let M^) = (Hrix, xo)/i^))^ VT, (t) = (0((to - and 

V'Ca;,*) = (f)R(x)r]T,it). 

When there is no ambiguity, we will write r for r{x,xo). Similar to the proof of Theorem 
1.2 by (1.1) there exist constants C2 > and C3 > such that (1.12) holds in Qn^Tiixo-, to). 
Then by (1.12), 

I VV|' < C3I V°r|' < C3 in Qr^t^ {xq, to). 



Hence 



^' < ^ (3.6) 



for some constant C3 > and 



A'Mx) = (20<^3<^'2 + 5<^V")^ + 50V' • ^ > -§ + 5</''f • ^ (3.7) 
for some constant C3 > 0. Similarly 

for some constant C4 > 0. By (1.2) and the Hessian comparison theorem [SY], 

V°V;r < ^(1 + ^or)gij{x,0). (3.9) 

By (1.1), (3.9), and an argument similar to the proof of Lemma 1.3 of [Hsl] there exists 
a constant C4 > such that 

AV < C'Jl + -) VO < t < T. (3.10) 
r 



By (3.7) and (3.10), 



^ > -§ - 5ci<p'^'\m + {Rm-') > -% (3.11) 

for some constant C5 > 0. By (3.6), (3.8) and (3.11), there exists a constant Ce > such 
that 

V;l/2 - R ' ^3/4 - ^ ' ^1/2 - ' ^1/2 - i?2 • ^ • ^ 
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By (3.5), 



> 



A{il;w) - {iiw)t 

'iIj{Aw — Wt) + 2V'0 • Vw + wAiIj — ijjtw 



> 



1-/ 

2/ 
1-/ 



V/ • Vtu + 2(1 - /)V'ty - Ci'^w - C21P + 2VV' • Vtu + wAip - iptw 
V/ • (V(V'ty) - wWip) + 2(1 - f)i/;w'^ - Cii/jw - C2i/J + 2^ • (V(V'ty) - wWip) 



>^^V/ ■ V(V'«;) + 2^ • V(V'«;) - :r^V/ • + 2(1 - /)^«;2 - CiV'^w; - C2 



1-/ 



2t(; 



+ wAif: — il^tw. 



1-/ 



By (3.12), 



w- 



16 

1 , o 2Cc 



i?2 



i?4 

2CI 



Similarly, 



C,iP^/^w<liPw^ + 2Cl 
8 

By (3.12) and an argument similar to the proof of Theorem 3.1 of [Z], 



2fw 



1-/ 

for some constant C7 > 0. Since 

by (3.13), (3.14), (3.15) and (3.16), 

A(^w) - (^w)t 



i?4(l - /)3 



I/I 



(1-/) 



<1, 



V/ • V(V'«;) - 2^ • V(V'w;) 



1-/ 



1 



1 



>(1 _ /)^^^ _ _^^2 _ ^.gj _ + _ + 1 
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1 



1 



(1-/) 



i?4 



(3.13) 



(3.14) 



(3.15) 



(3.16) 



(3.17) 



for some constant Cg > 0. Suppose the function ^/;w attains its maximum on the set 
Qr,Ti at the point {xi,ti) G Qrt^- Similar to [LY] and [Z] we may assume without loss 
of generality that Xi is not a cut point of xq with respect to the metric (/(O). Then at 
(xi, ti), W{^w) = 0, dt{^w) > 0, /\{^w) < 0. Hence the left hand side of (3.17) is < at 
{xi,ti). Thus 

(1 - f)i;w' < li;w' + + ^ + l) + Cs^-^ 



Hence 



3P i;w^ < ij{xi, ti)w\xi, h) < 2C8 (^Jj + ^ + • 



R,Ti 



( 

and the theorem follows 



w\x, t) < 4C8 (^-^ + ^ + 1^ in Qr/2,t^/2 

|V/(x,t)P , , /— / 1 1 \ 



Section 4 

In this section we will prove various gradient estimates for the Dirichlet fundamental 
solution of the conjugate heat equation. 

Let {M,g{t)), < t < T, be a complete noncompact n-dimensional manifold, n > 2, 
with metric g{t) evolving by the Ricci flow (0.1) which satisfies 

\V'Rm\<ko onMx[0,T] Vz = 0,l,2 (4.1) 

for some constant ko > 1. Similar to section 2 we let Z{x, t;y, s), < s < t < T, he the 
fundamental solution of the heat equation in M x (0, T). 

Let n C M be a bounded domain with smooth boundary dQ. Then there exists a 
constant H > such that the second fundamental form II of dfl with respect to the unit 
outward normal d/du of dQ and metric g{0) is uniformly bounded below by —H. For 
any a; G O let p^{x) be the distance of x from 90 with respect to the metric g{t) and 
p{x) = p^{x). Note that by (0.1) and (4.1) there exist constants ci > 0, C2 > 0, such that 

' cigij{x,ti) < gijixM) < C2gij{x,ti) Mx e M,0< ti,t2 < T 

cig''{xM)<9''{xM)<c2g''{^M) ^x e M,0 <ti,t2 <T 
\ (4 2) 

cip^^ix) < p^^{x) < C2p^^{x) Vx G 0,0 < ti,t2 < T 

^ cidVt^ < dVt^ < C2dVt^ in M VO < ti, < T. 
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For any 5 > 0, let fls = {x e 0, : p{x) > 5}. Let p G O and u{x,t) be the Dirichlet 
fundamental solution of the conjugate heat equation (0.3) in $7 x (0, T) which satisfies 
(0.4) with 

u = onanx(0,T). (4.3) 

Let /, be given by 

t) = Ta — ^^ 
I; = [t(2A7 - I V7|' + i?) + 7 - 

and let u{x, r) = u{x, T — t), dV-r = dVt, where r = T — t. We choose < 5 < 1 such that 
peQss (cf. [C]), 

/k)tan{36^/k^) < — + - 

H ^1 ^^-^^ 

tan(35v /co) < -■ 



By the maximum principle, 

u(x,t) < Z(p,T,x,t) infix(0,T). (4.5) 

By compactness and an argument similar to the proof of Corollary 4.1 of [CTY] and 
Theorem 1.2 we have 

Theorem 4.1. For any a > 1, s > 0, and < ^2 < 5, there exists a constant Ci > 
depending on ko, a, e and S2 such that 

l^'^l' ^^<C, + "(1 + ^) ^n^,,x(0,T] (4.6) 



where t = T — r. 

Lemma 4.2. There exist a constant < tq < 5^ and constants C2 > 0, C3 > 0, and 
D > 1 independent of tq such that for any < ti < tq, 

Co s-^ 

(i) < u(x, r) < ^ Vx e \ 1^25, < r < n 

(a) 0<u{x,t)<C3 yx eQ\Q2d,Q <r <T 
(Hi) \V*u{x,t)\ + \V*V*u(x,t)\<C3 Vx en\n25,o <r <t 

where t = T — r. 

Proof. The left hand side of (i) and (ii) follows by the strong maximum priniciple. By 
Corollary 5.2 of [CTY] there exist constants C > and D > 1 such that 

Z{p,T;x,t)< — ^^e~^^^. ^x E M,0 < t < T,t = T - t. (4.7) 
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By the same argument as the proof of Lemma 7.6 of [CTY] there exist constants Ci > 
and C2 > such that 

CiT^ < < Cart yO <T <T,t = T -T. (4.8) 

Hence by (4.2), (4.5), (4.7) and (4.8), 

^ C 1-2 (p. x) C' r'^(p.x) C2 r^(P,x) 

uix,r) < ——;=-e Dt < e dt < —e dt yxeQ,0<T<T 

^ uix.r) < -^e~T^ Vx e n\ ^25,0 < r < T (4.9) 
r 2 

for some constant C2 > 0. Let H{r) — r^^e^or^ tq — d'^/{nD) and < ti < tq. Then 
H'{t) > for aU < t < Tq. Hence by (4.9) (i) follows. By (4.9) and (i) we get (ii). 

We now extend tt to a function on (Jl \ ^}2s) x (— cxo, T] by setting it = on (O \ fi2s) x 
(—00, 0). We also extend Qij to a metric on {Q\Q2s) x [0, 00) by setting gij{x, t) = gij{x, T) 
for all t >T. Then « is a non-negative solution of 

Ur = A*u-R(x,t)u mQ\Q2d X i-oo,T],t = T -T. (4.10) 

Hence by the parabolic regularity theory [LSU] u e C°^{Q \ Q2S x {—oo,T]). Thus 

'\V*u{x,t)\< max | V*M(y, t)| < 00 ^x eTl\Q25,Q < r <T 

0<r<T 

V*V*S(a;,T)| < max |V*V*tt(y,T)| < 00 ^x en\Q25,0 < r <T 

0<r<T 

and (iii) follows. 

Theorem 4.3. Let < tq < and C2 > be as given in Lemma Jf..2. Then there exists 
a constant C4 > depending on ko such that 



holds for any < r < tq where t = T — r and D > 1 is as given in Lemma 4-2- 

Proof. Let < r < tq. We divide the proof into two cases. 
Case 1 : p{x) < y/r 

By applying Theorem 3.1 to the domain Qi = Q , . p(x)2 {x,t) there exists a constant 
Ci > such that 
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holds where Ai = supg^ u. 

Case 2 : ^/T < p{x) < 5 

By applying Theorem 3.1 to the domain Q2 = Q rj: rix^r) there exists a constant 

V 2 ' 2 

Ci > such that 

|V'=(-.-)l<C./i^ 1 Vl + logf4il) (4.12) 



u{x^ t) \ ^Jt J \ \ u 

holds where A2 — supg^ u. By Lemma 4.2 there exist constants C2 > 0, D > 1, such that 

Ai,A2<^e-^ (4.13) 

T 2 

holds for any < r < tq. Hence by (4.11), (4.12) and (4.13), the lemma follows. 

By a similar argument we have 

Theorem 4.4. Let Cs > be as given in Lemma 4- 2- Then there exists a constant C4 > 
depending on ko such that 



.... N'u 
[ii) 



holds for any < r < T where t = T — r. 

By Lemma 4.2 and Theorem 4.3 we have the following corollary. 

Corollary 4.5. Let < tq < (5^ and D > 1 be as given in Lemma 4.2. Then for any 
a > there exists a constant C > depending on kg and a such that 

... \V'u{x,r)\ ^ C fe-^Y\ w o . N r- 

(i) ' ^/ /' < —-^{ 1 + Wx e n, p{x) < ^/t 



u{x,t) p{x) \ \ T2U 

U{X,T) Vr V \T2U J J 

holds for any < r < tq. 

Lemma 4.6. Let < tq < and D > 1 be as given in Lemma 4-2. Then there exists a 
constant C5 > depending on ko such that 



^2 

it' 



U{X,T) T~ p{x)i 

|VM^,r)p ^^^e^^ Vxel],v/^<p(a:)<<5 
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holds for any < t < tq. 

Proof. By Corollary 4.5 there exists a constant C > such that 

C (_ 1 



+ (w4)Vi) l^^l M^)<^/^ 



holds for any < r < tq where t = T — r. We will now let C > be a generic constant 
that may change from line to line. By Lemma 4.2 and Corollary 4.5, 

<C^ ( 1 + ^^TTT^CTTTT 1 =C{ ^ + 









/ 




f e dt 






c 


^2 



Mi \ ir'v-wjv-y y rt + 2 



^^ETre"^ yxen^\ns,o<T<To (4.15) 



T 8 ^ 2 



and 



1/4 . «lx 1/2 T . -4^.1/4 



1/4 «£_ 



e C-r 



C f u \ e 
< , ,,,, ^ Vxen\n/7,0<T<To. 



(4.16) 



By (4.14), (4.15), and Lemma 4.2, 

|V*M(a;,r)P C / 1 1 



w(a;, r) 



C ( 1 1 r- / ^ 

3»,i e '^^w^ + ^-re VVr < p(a;) < (5, < r < tq 

C 1 1 \ (5-^ 

^^ ^^ + ^r-r Vv^ < p(a;) < (5, < T < To 



T V T"8" + 



7" 8 ' 2 7-2^2 



.5 



2 



g 2I3t , 

<C^Xr < P(^) < < T < TO 

T 2 """^ 

where t = T — t and (ii) follows. 

By (4.4) (of. [Wa], [C], and [Ch]) for any x G O \ O^, there exists a unique normalized 
minimizing geodesic '■ [0, p(a:)] —>■ with respect to the metric g{0) such that 7a; (0) e 
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72;(p(a;)) = x, and 7^(0) is perpendicular to the tangent plane T^^(o)(^^) 7x(0)- 
By (4.2) and Lemma 4.2 for any x e il \ ^Is, < r < tq, 

M£2l) = /o'''i=<7f)-")''^ <C |V«5fe,r)|<C sup |V'5fo,r)|<C<cx>. 

P(a;) p(a;) yen j/en 

0<T<ro 0<r<ro 

(4.17) 

By (4.14), (4.16), (4.17) and Lemma 4.2 we get (i) and the lemma follows. 

By Lemma 4.2, Theorem 4.4, and an argument similar to the proof of Lemma 4.6 we 
have 

Theorem 4.7. Then there exists a constant Cq > depending on ko such that 

w(x,r) p{x)\ p{x)^J 



in) 

holds for any < r < T 
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